Renormalization Group Flow and the Dark Energy 

Problem 



Shoichi Ichinose* 
January 11, 2011 



Laboratory of Physics, School of Food and Nutritional Sciences, University of Shizuoka 

Yada 52-1, Shizuoka 422-8526, Japan 

Abstract 

Casimir energy is calculated for 5D scalar theory in the warped geometry. A new 
regularization, called sphere lattice regularization, is taken. The regularized config- 
uration is closed-string like. We numerically evaluate A(4D UV-cutoff), a;(5D bulk 
curvature, extra space UV-boundary parameter) and T(extra space IR-boundary pa- 
rameter) dependence of Casimir energy. 5D Casimir energy is finitely obtained af- 
ter the proper renormalization procedure. The warp parameter co suffers from the 
renormalization effect. Regarding Casimir energy as the main contribution to the 
cosmological term, we examine the dark energy problem. 

1. Introduction In the quest for the unified theory, the higher dimensional (HD) 
approach is a fascinating one from the geometrical point. Historically the initial successful 
one is the Kaluza-Klein model, which unifies the photon, graviton and dilaton from the 
5D space-time approach. The HD theories , however, generally have the serious defect as 
the quantum field theory(QFT) : un-renormalizability. The HD quantum field theories, at 
present, are not defined within the QFT. 

In 1983, the Casimir energy in the Kaluza-Klein theory was calculated by Appelquist 
and Chodos[T]. They took the cut-off (A) regularization and found the quintic (A^) di- 
vergence and the finite term. The divergent term shows the unrenormalizability of the 5D 
theory, but the finite term looks meaningful[2] and, in fact, is widely regarded as the right 
vacuum energy which shows contraction of the extra axis. 

In the development of the string and D-brane theories, a new approach to the renor- 
malization group was found. It is called holographic renormalization. We regard the 
renormalization group fiow as a curve in the bulk. The fiow goes along the extra axis. The 
curve is derived as a dynamical equation such as Hamilton- Jacobi equation. It originated 
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from the AdS/CFT correspondence. Spiritually the present basic idea overlaps with this 
approach. 

2. Casimir Energy of 5D Scalar Theory In the warped geometry, ds^ = -^^^{ri^ydx^dx'' + 
dz^) , we consider the 5D massive sca/artheory with m? = —Auj"^ (< 0)- ^ = ^J —G{—}^V^^V 



1772,2 . The Casimir energy Ecas is given by 
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where M„ is the eigenvalues of the following operator. 
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where s{z) = jjj^- Z2 parity is imposed as: ipn{z) = —ipni—z) for P = — ; ipniz) = 
ipni—z) for P = +. The expression ([1]) is the familiar one of the Casimir energy. It is 
re-expressed in a closed form using the heat-kernel method and the propagator as follows. 
First we can express it, using the heat equation solution, as [u /T = I is the periodicity 
in y-coordinate: y ^ y + 2l,uj\z\ = e"^'^'). 
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Ti Hp{z,z';t)= [ siz)Hp{z,z;t)dz , {^-{s~'L,-p')}Hp{z,z'-t) = . (3) 

The heat kernel Hp{z, z'; t) is formally solved, using the Dirac's bra and ket vectors {z\, \z), 
as Hpi^z, z' \ t) = {z\e"^"'''^^+P'^*\z'). We here introduce the position/momentum propa- 
gators GJ: GJ{z, z') = dt Hp{z, z'\ t). They satisfy the following differential equations 
of propagators. 
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P = Pt^P^ = -Po +Pi+P2+P3 (4) 



GJ can be expressed in a closed form. Taking the Dirichlet condition at all fixed points, 
the expression for the fundamental region {l/u < z < z' <\/T) i?, given by 

M = 2 .2 {Io(g)Ko(pz) TKo(g)Io(p^)}{Io(|)Ko(pzO TKo(f)Io(pzO} 
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where p = \f^^'p^ > 0. Jq and Kq are modified Bessel functions. We can express Casimir 
energy as. 
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where p = The momentum symbol pe indicates Euchdeanization. Here we introduce 

the UV cut-off parameter A in the 4D momentum space. 

3. UV and IR Regularization and Evaluation of Casimir Energy The integral 
region of the above equation (]6]) is displayed, in Fig.l, as a rectangle. In the figure, we 
introduce the regularization cut-offs for the 4D-momentum integral, < p < A. For 
simplicity, we take the following IR cutoff of 4D momentum : /i = A ■ — = Ae""^' . 
Importantly, ^ shows the scaling behavior for large values of A and 1/T. From a close 
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numerical analysis, we have confirmed : (4A) Efj'^^iuj^T) — 

A^-divergence, (4A), shows the notorious problem of the higher dimensional theories. We 
have proposed an approach to solve this problem and given a legitimate explanation within 
the 5D QFT|H |5]. See Fig.2. The IR and UV cutoffs change along the etra axis. Their 
S'^-radii are given by ri^^z) = l/piji{z) and rijy{z) = l/puv{z). The 5D volume region 
bounded by Bjjy and Bi^ is the integral region of the Casimir energy Ecas- ( We call this 
regularization sphere lattice regularization because one big 4D-ball (radius r//j) are made 
of many small 4D-balls (cells, radius rjjv)- See Fig.l2 of Ref.[B] ) The forms of Vuvi^) cind 
riji{z) can be determined by the minimal area principle: 3 + |rV — ^jr^ = 0, r' = ^, r" = 

< z < 1/T. We have confirmed, by numerically solving the above differential 
eqation (Runge-Kutta), those curves that show the flow of renormalization really appear. 
The results imply the boundary conditions determine the property of the renormalization 
flow. 

4. Weight Function and the Meaning We consider another approach which re- 
spects the minimal area principle. Let us introduce, instead of restricting the integral 



3 



p t 



A - 



|i - 



Figure 2: Region of (p,z) for the integration (present proposal). 
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region, a weight function W{p, z) in the (p, 2)-space for the purpose of suppressing UV and 
IR divergences of the Casimir Energy. 
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elhptic suppr. 
hyperbohc suppr. 1 
reciprocal suppr. 1 
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where F^{p,z) are defined in (Q. They (except W2) give, after normalizing the factor 
A/T, only the log- divergence. 
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where the numerical values of a, c and c' are obtained depending on the choice of the 
weight function[6]. This means the 5D Casimir energy is finitely obtained by the ordinary 
renormalization of the warp factor u. (See the final section.) 

In the previous work[5], we have presented the following idea to define the weight 
function W{p,z). In the evaluation ([7]), the (p, ^)-integral is over the rectangle region 
shown in Fig.l (with A — 00 and yU — 0). Following Feynman[7], we can replace the 
integral by the summation over all possible pathes p{z). 
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There exists the dominant path pwi^) which is determined by the minimal principle : 
5S = 0. Dominant Path pwiz) : f = - ^HWf) ^ ^| ^ ^'y) ). Hence it is fixed by the 
weight function W{p,z). On the other hand, there exists another independent path: the 
minimal surface curve rg{z). Minimal Surface Curve rg{z) : 3 + ^r'r— Ji^-^ = 0, ^ < z < ^. 
It is obtained by the minimal area principle: SA = where 



ds = [dab + 7 — — = gab[x)dx dx ,A = / ^Tg d x = / — dz. (10) 

{rr'y u^z^ J ^ Ji/^ u^z^ 



Hence rg{z) is fixed by the induced geometry Qabix). Here we put the requirement^: (4A) 
Pw{z) =Pg{z), where pg = l/vg. This means the following things. We regmre the dominant 
path coincides with the minimal surface line Pg{z) = l/rg{z) which is defined independently 
of W{p,z). W{p,z) is defined here by the induced geometry Qabi^)- In this way, we can 
connect the integral-measure over the 5D-space with the geometry. We have confirmed the 
coincidence by the numerical method. 

In order to most naturally accomplish the above requirement, we can go to a new 
step. Namely, we propose to replace the 5D space integral with the weight W, ([7]), by 
the following path-integral. We newly define the Casimir energy in the higher-dimensional 
theory as follows. 



Scas{u;,T,A)= / dp / =r(T-i) T\Vx^{z)F{-, z) exp - / 1—L^dz 
Ji/A J =p r [ A/, 2a'u'z^ 
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where /i = AT/u and the limit AT~^ — > 00 is taken. The string (surface) tension parameter 
l/2a' is introduced. (Note: Dimension of a' is [Length]^. ) F{p,z) is defined in ([6]) and 
represents the contribution from the field- quantization of the bulk scalar (or EM) fields. 
(This proposal is shown to be valid in iarXiv:lQQ4.2573| 1010.5558.) 

5. Discussion and Conclusion When c and c' in ([H]) are sufficiently small we find 
the renormalization group function for the warp factor u as 

= a;(l- c ln(A/w)- c' ln(A/r)) , /3 = —— -In— = -c-c' . (12) 

(/(In A) uj 

No local counterterms are necessary. 

Through the Casimir energy calculation, in the higher dimension, we find a way to 
quantize the higher dimensional theories within the QFT framework. The quantization 
with respect to the fields (except the gravitational fields Gab{X)) is done in the standard 
way. After this step, the expression has the summation over the 5D space(-time) coordinates 
or momenta J dz Yl^ dp"'. We have proposed that this summation should be replaced by the 
path-integral J Yia z'^P'^i^) '^i^h the area action (Hamiltonian) A = J ^/det gab d^x where 
gab is the induced metric on the 4D surface. This procedure says the 4D momenta (or 
coordinates x"") are quantum statistical operators and the extra-coordinate z is the inverse 
temperature (Euclidean time). We recall the similar situation occurs in the standard string 
approach. The space-time coordinates obey some uncertainty principle[8]. 
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Recently the dark energy (as well as the dark matter) in the universe is a hot subject. 
It is well-known that the dominant candidate is the cosmological term. The cosmologi- 
cal constant A appears as: (5A) i?^,,^ — \g^vR — Xg^u = T^"**'^'', 5 = / d^Xy/^{-^{R + 
A)} + / d'^Xy/—g{Cmatter}, 9 = dct (yf^j/ . Wc cousldcr here the 3+1 dim Lorentzian space- 
time (/i, z/ = 0,1,2,3). The constant A observationally takes the value : (5B) (j^Xobs ~ 
^ i ; ~ ~ {\^-^eVY,Xohs ~ tjV ~ 4 x l^-^^ieVf, where R^os ~ 5 x lO^W^^ is 
the cosmological size (Hubble length), is the neutrino mass. On the other hand, we 
have theoretically so far : (5C) -^Xth ~ = Mpi^ ~ (lO'^^eV)'^. We have the famous 

huge discrepancy factor : (5D) ^ ~ Nj^^,Ndl = MpiR^^s ~ 6 x 10^°, where Ndl is 
here introduced as the Dirac's large number. If we use the present result, we can obtain 
a natural choice of T,uj and A as follows. By identifying T~^Ecas = —aihT~^u'^/T^ 
with / d'^x^—g{l/GN)Xob = Rdsi^/^N), we obtain the following relation: (5E) Nj^^^ = 
^cos'^ = — ai^^. The warped (AdSs) model predicts the cosmological constant negative, 
hence we have interest only in its absolute value. We take the following choice for A and 

u : (5F) A = M,, ~ 10'^GeV,ur^ \ ^ = ^ ^ 10"^. 



As shown above, we have the standpoint that the cosmological constant is mainly made 
from the Casimir energy. We do not yet succeed in obtaining the value ai negatively, but 
succeed in obtaining the finiteness of the cosmological constant and its gross absolute 
value. The smallness of the value is naturally explained by the renormalization group flow. 
Because we already know the warp parameter u flows f fT2|) . the Xobs ~ ^/^los ^^y^ 
that the smallness of the cosmological constant comes from the renormalization group flow 
for the non asymptotic- free case (c + c' < in fll2p ). 

The IR parameter T, the normalization factor A/T in ([H]) and the IR cutoff fi = A— 
are given by : (5G) T = i?,-/(Ar^i) ^ IQ-^^eV, ^ = {NdlY"" ~ 105°,/i = Mp^AT-J/io ^ 
IGeV ~ m^v, where m^r is the nucleon mass. The degree of freedom of the universe 
(space-time) is given by : (5H) ^ = ^ = Nj,f ~ 10^^ ~ (^)^ 
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